Introduction
Let k be an algebraically closed field of characteristic 0. The Grothendieck ring K 0 (V/k) of algebraic varieties over k, as an abelian group, is the free abelian group generated by the set of isomorphism classes of algebraic varieties over k modulo the relations It is shown in [Bor] that the class L = [A 1 ] of the affine line is a zero divisor in K 0 (V/k). It is later refined in [Mar] to the formula
where (X, Y ) is the Pfaffian-Grassmannian pair of Calabi-Yau 3-folds [Rød00, BC09] . The main result of this paper is the following: Theorem 1.1. Let (X, Y ) be a pair of Calabi-Yau 3-folds cut out from the pair of Grassmannians of type G 2 as defined in (2.5).
The pair of Calabi-Yau 3-folds appearing in Theorem 1.1 is a degeneration of the PfaffianGrassmannian pairs (see [IIM] and [KK16, Theorem 7.1], respectively). In this sense, (1.4) can be regarded as a stronger result than (1.3) in the degenerate situation.
The pioneering work [Bor] is a counter-example to [GS, Conjecture 2.7] , showing that L is a zero divisor in K 0 (V/k). It is shown in [GS] that [GS, Conjecture 2.7] implies the irrationality of the generic cubic 4-folds.
In fact, as pointed out in [GS, Remark 7 .2], irrationality of generic d-dimensional cubic hypersurfaces would follow from the following slightly weaker version of the conjecture. Conjecture 1.2. If a class α is represented by a linear combination of varieties of dimension less than or equal to 2(d − 2) and satisfies
The next theorem implies that our pairs of CY 3-folds of type G 2 are counter-examples to Conjecture 1.2 for d ≥ 4. The authors do not know if the same holds for the Pfaffian-Grassmannian pairs.
Proof. Suppose otherwise. Then since there exists the well-defined ring isomorphism
( 
The example
Let G be the simply-connected simple algebraic group associated with the Dynkin diagram of type G 2 . The long root and the short root will be denoted by α 1 and α 2 respectively. The Weyl group is generated by reflections s 1 and s 2 along the roots α 1 and α 2 , and isomorphic to the hexagonal dihedral group;
The parabolic subgroups of G associated with the crossed Dynkin diagrams × , × and × × will be denoted by P 1 , P 2 and B respectively. The corresponding homogeneous varieties form the following diagram:
' ' P P P P P P P P P P P P
The dimensions of F 1 , F 2 and F 12 are are 5, 5 and 6 respectively. The morphisms p 1 and p 2 in (2.2) are both P 1 -bundles associated to locally free sheaves of rank 2. To see this, note that homogeneous varieties are rational and hence their (cohomological) Brauer groups are trivial. 
be a generic global section and set .
Lemma 2.1. The morphism π 1 : D → F 1 coincides with the blowing up of F 1 along X. In particular, π 1 is an isomorphism outside of X ⊂ F 1 and is a P 1 -bundle over X in the Zariski topology. The same holds for π 2 .
Proof. Since the arguments for π 1 and π 2 are the same, we only give it for π 1 . For simplicity of notation, set E 1 = p 1 * E (1,1) and s 1 = p 1 * s ∈ H 0 (F 1 , E 1 ). Let I X ⊂ O F 1 be the ideal sheaf of X. Since s 1 is generic, it is locally identified with a regular sequence of length two and hence the codimension of the zero locus X = Z(s 1 ) in F 1 coincides with the expected one. Thus there exists an exact sequence
6) from which we obtain another exact sequence
where we set Sym
⊗k by the exact sequence (2.7). Since the blowing up Proj
Proof. This follows from the Bruhat decomposition for rational homogeneous varieties (see e.g. [Köc91, Proposition 1.3]) and the fact that there is a bijection b : W P 1 ≃ − → W P 2 which respects the lengths of the elements. Here 
10) respectively. The bijection b sends the j-th member of (2.9) to that of (2.10). With these descriptions, we can in fact show 
